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Abstract. This article treats four optimization problems on posets and
applies the results to Formal Concept Analysis. The cover-, packing-,
isolation- and blocking problem are investigated.
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1 Introduction

In [6] the rectangle cover number was introduced as the minimal number of
maximal rectangles which are necessary to cover the incidence relation of a
formal context. The formal definition is:

re(K) := min{#R | R C Rec(K), I = U R}.
RER

This optimization problem on formal contexts can be translated to the order
2-dimension of the concept lattice of the complementary context (see [5]). As a
lower bound for the rectangle cover number, the rectangle isolation number was
introduced in [6] as the maximal number of elements from I, such that every
maximal rectangle contains at most one of them:

ri(K) := max{#Z | Z C I, V(R € Rec(K)) : #(ZNR) < 1}.

It always holds that ri(K) < rc(K) and in case of equality there are conse-
quences for the tensor product of complete lattices (see [6]). After investigating
these optimization problems for a while, two seemingly similar problems come
up. These are the maximal number of disjoint rectangles that fit into I, denoted
as the rectangle packing number, and the minimal number of elements from I
such that there is at least one of them contained in every maximal rectangle,
denoted as the rectangle blocking number. Formally:

rp(K) := max{#R | R C Rec(K), V(R1,R2 € R), R1 # Ry : Ri N Ry = 0},
rb(K) := min{#Z | Z C I, V(R € Rec(K)) 3((g,m) € ) : (9, m) € R}.

Similar, to the cover and isolation number, it holds that rp(K) < rb(K).
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This paper treats the above defined optimization problems on formal
contexts. Therefore, Section 2 provides necessary definitions from formal concept
analysis. Section 3 analyses the optimization problems and their mutual relation-
ships. This is done in a more general setting based on posets. This abstraction is
the main content of this paper in it’s own right. Concrete examples from Formal
Concept Analysis will be presented along the way. The last section provides a
conclusion.

2 Basics of Formal Concept Analysis

In this section, we will provide the facts from formal concept analysis that we
will use in the sequel. All results can be found in [5].

A formal context is a triple K = (G, M, I), where the incidence I C G x M is
a binary relation. For A C G and B C M, we define two derivation operators:

Al :={me M|Y(a€ A): (a,m) € I} = ({a}',
a€A

Br={g€G|V(be B): (g.b) € I} = [|{b}s.
beB

If A’ = B and By = A, the pair (A, B) is called a formal concept and for
non empty A and B the cartesian product A x B is a mazimal rectangle of K.
We denote the set of all maximal rectangles by Rec(K). The set of all formal
concepts of K is denoted by B(K) and defines the concept lattice B(K), via the
order (Ay, By) < (Ag, Bg) :<= Ay C As. The complementary context is defined
as K¢ = (G, M, I¢) := (G,M, (G x M) — I). Furthermore, two special formal
concepts of importance are the object concepts v(g) := ({g}1, {g}!) and attribute
concepts p(m) = ({m}r, {m}1).

The order 2-dimension of a concept lattice, dims(B(K)), is the smallest n
such that an order embedding, that is an order preserving and reflecting map,
from B(K) to the powerset lattice 2% := (2%, C) of an n-element set X exists.

A Ferrers relation is a relation FF C G x M such that (g,m), (h,n) € F
implies (g,n) € F or (h,m) € F. This is equivalent to B(G, M, I') being a chain.
The length | of F is defined as {(F) = |B(G, M, F)| — 1. For a context K its
Ferrers 2-dimension, fdims(K), is the smallest number of Ferrers relations Fy,
t € T with [(F}) < 2, so that [ = (,cp Fy.

The above defined dimensions are equal and are related to the rectangle
cover number via the complementary context, that is:

re(K) = fdims (K€) = dimo (B(K€)).

For two contexts K; = (G1, Mi,I1) and Ko = (G2, Ma, I1), we use notation
from [4] and define the cardinal product Ky X Ko := (G x Go, My x My, I; X I),

((g,h), (m,n)) € [} x Iy <= (g,m) € I and (h,n) € I.
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3 The Four Optimization Problems on Posets
Let P := (P, <) be a finite partially ordered set, i.e, the relation < is reflexive,

antisymmetric and transitive. For any R C X x Y, the relation R°P is defined as
R°P :={(y,z) | (z,y) € R}. With that, the dual of P is defined as:

PP = (P,2) i= (P, <),
For p € P, we define the principal ideal (p] := {x € P | z < p} as well as the
principal filter [p) :={x € P |p <z}

Finally, a remark about notation. We will express “there exists at most one”
with the quantifier 3<;. For symmetry reasons, we will denote “there exists at
least one” with the quantifier 3>;.

3.1 Basic Definitions
We define four relations Covgp, Isolp, Blockp, Packp C 2F x 2F:
(A, B) € Covp ==V

(A, B) € Isolp <=

(A, B) € Blockp <=
(A, B) € Packp <=V

a€A)I>i(be B):
V(b e B)I<i(ac A): a<b,
V(b e B)I>i(aec A):
ac A)3<(be B):

/\/\/\/\

Definition 1. Let A, B C P. In case that (A, B) € Covp holds, we say that B
covers A, or that A is covered by B. Relation Isolp is expressed as A is isolated
w.r.t. B.

Fig. 1. The left image depicts Covp (every a is at least below one b) and the
right one Isolp (every b has at most one a below).

B covers A A is isolated w.r.t. to B

The terminology of a covering is well established through out various branches
of mathematics. Presumably, the term isolation is less well known. In [1] is a
recent example of its use in matrix theory.

Definition 2. Let A, B C P. In case that (A, B) € Blockp holds, we say that A

blocks B, or that B is blocked by A. Relation Packp is expressed as B is packed
w.r.t. A.
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Fig. 2. The left image depicts Blockp (every b has at least one a below) and the
right one Packp (every a is at most below one b).

A blocks B B is packed w.r.t. A.

Again, the terminology of a packing is well known. The less well established
term blocking is for example used in geometry (see [2,3]).

Via a "twofold dual" the relations can be transformed into each other.
Proposition 1. It holds that:

1. ISOl]p = (Pack]pop)‘)p and PaCk]p = (ISOl]pop)Op,
2. Covp = (Blockpor )P and Blockp = (Covper )°P.

Proof.
(A,B) elIsolp @ V(a € A)3<1(be B) : b>a <« (B, A) € Packpor .
The other equations can be shown similarly. O

Next, we define four optimization problems on Covp, Isolp, Packp and Blockp.

Definition 3. Let (A, B) € Covp. The cover number of (A, B) is defined as
covp(A, B) :=min{#DBy | By C B : (4, By) € Covp}.

We call a subset By C B, such that (A, By) € Covp and #By = covp(A, B),
a minimal cover of A.
Definition 4. For (A4, B) € Blockp, the blocking number of (A4, B) is defined as

blockp(A, B) := min{#Ay | Ag C A: (Ao, B) € Blockp}.

We call a subset Ag C A, such that (Ag, B) € Blockp and # Ao = blockp(A, B),

a minimal blocking set.

Definition 5. The isolation number and the packing number of (A4, B) are
defined as:
isolp(A, B) := max{#A, | Ao C A: (Ay, B) € Isolp},
packp(A, B) := max{#By | By C B: (A, By) € Packp}.
We call Ay C A, with (Ag, B) € Isolp and #Ay = isolp(4, B), a maximal

isolated set w.r.t. B, and By C B, with (A, By) € Packp and # By = packp(A, B),
a maximal packing w.r.t. A.
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Note that, contrary to the cover- and blocking number, the isolation- and
packing number can be defined without any condition on (A, B). For example, to
find a minimal cover, we have to claim that B covers A. Otherwise there couldn’t
be a solution to the cover problem. Since it always holds that (0, B) € Isolp and
(A, 0) € Packp, a valid isolation- and packing number always exists.

Example 1. Let K = (G, M, I) be a formal context. If we choose P = 26*M
A= {{(g.m)} | (9,m) € I} = (!) and B = Rec(K), we can ewpress the fom‘
optimization problems from Section 1 in the abstract poset framework.

re(K) = covp(4, B), ri(K) = isolp(A, B),
rp(K) = packp(A4, B), rb(K) = blockp(A, B).
Proposition 2. Let (A, B) € Covp. It holds that isolp(A, B) < covp(A, B).

Proof. Let Ay be a maximal isolated set w.r.t. B, that is A is a maximal subset
of A such that V(b € B)3<q(a € Ap) : a < b. Assuming that By is a minimal
cover of A, with #By < #Ay, there exists a1, as € Ag, with a1 # ag, a; < b and
az < b for some b € By. This contradicts Aj being isolated w.r.t. B. O

Proposition 3. Let (A, B) € Blockp. It holds that packp(A, B) < blockgp(A, B).

Proof. Let packp(A, B) > blockp(A, B). From Proposition 1, it follows that
isolpor (B, A) > covper (B, A), which is a contradiction to Proposition 2. O

3.2 Behaviour under Order Preserving/Reversing Maps

In this subsection, we will explore the behaviour of the four optimization problems
under poset mappings from P to Q. Especially, we are interested in maps with
the following properties.

Definition 6. Let A, B CP. A map ¢ : P — Q:

— preserves order between A and B :=V(a€ A, be B): a<b= ¢(a) < (),
— reverses order between A and B = V(a € A,be B): a<b= () < pla),
— reflects order between A and B = V(a€ A, be B): a <b< p(a) < ¢(b),
— deflects order between A and B :<=V(a € A, b€ B): a<b< ¢(b) < p(a).

By means of such maps, it is possible to relate the four relations to each other.
Proposition 4. For A, B C P, let p : P — Q be order preserving, and ¢ : P — Q
order reversing, between A and B. It holds that:
(A, B) € Covp = (p[A], ¢[B]) € Covg and (¢[B],¥[A]) € Blockg .
Similarly, this statement holds if we swap Cov and Block.

Proof. Let (A, B) € Covp. The statement, for all @ € ¢[A], there exists at least
one b € p[B] with @ < b, is true, since there exists @ € A and b € B such that
@(a) = @ and o(b) = b. Hence, @ = p(a) < o(b) = b.

Considering ¢ as an order preserving map from P to Q°P, it follows that
(1[A],4[B]) € Covger. Proposition 1 implies that (¢[B],[A]) € Blockg. O
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Proposition 5. For A,B C P, let ¢ : P — Q be order reflecting, and ¢ : P — Q
order deflecting, between A and B. It holds that:

(A, B) € Isolp = (¢[A], p[B]) € Isolg and (v[B],1[A]) € Packg .

Similarly, this statement holds if we swap Isol and Pack.

Proof. Let (A, B) € Tsolp. The statement, for all b € ¢[B], there exists at most
one a € ¢[A] with a < b, is true, since ¢ reflects order. There can not be any
“new edges created by ¢” between p[A] and ¢[B].

Considering ¢ as an order reflecting map from P to Q°P, it follows that
(¢[A],¢[B]) € Isolges. Proposition 1 implies that (¢[B],[A]) € Packg. O

Combining Proposition 4 and 5, we get:
Proposition 6. For A,B CP, let ¢ : P — Q be order preserving and reflecting,
and ¢ : P — Q order reversing and deflecting, between A and B.

(A, B) € Covp < (p[A], ¢[B]) € Covg and (1[B],[A]) € Blockg,

(A, B) € Isolp < (p[A], ¢[B]) € Isolg and (v[B],¢[A]) € Packg .

Similarly, this statement holds if we swap Cov and Block, or, Isol and Pack.

Proof. The proof either follows or is analogous to the ones of Proposition 4 and
5. Exemplary, we treat (¢[A], ¢[B]) € Covg = (A, B) € Covp.

It has to hold that for all a € A there is at least one b € B with a < b. To
conclude this from (¢[A], ¢[B]) € Covg, the map ¢ has to be order reflecting
between A and B. O

Finally, the next theorem describes the behaviour of the four optimization
problems under certain poset maps.
Theorem 1. For A;B C P, let ¢ : P — Q be order preserving and reflecting,
and ¢ : P — Q order reversing and deflecting, between A and B.

For (A, B) € Covp, it holds that:
cove(4, B) = covg(¢lAL, ¢[B)) = blockg([B], 4{A)).
Generally, it holds that:
isolp (A, B) = isolg(¢[A], p[B]) = packg (¢[B], ¥ [A]).

Similar equations hold if we swap cov and block (assuming (A, B) € Blockp),
as well as isol and pack.

Proof. We prove that covp(A, B) = covg(p|A], ¢[B]). The other equations can
be shown analogously.

Let By C B be a minimal cover of A. Since it holds that (¢[A], p[Bo]) € Covg
(Proposition 6), it follows that covg(p[A], ¢[B]) < covp(4, B). Conversely, let
By C ¢[B] be a minimal cover of ¢[A]. There exists a subset By C B such that
@[Bo] = By and #By = #By. Tt holds that (A, By) € Covp (Proposition 6) and
hence that covp(A, B) < covg(plA], ¢[B]). O
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The first example of a poset map that we will consider is an order reversing
involution (_)* : P — P. That is for all p € P it holds that p** = p. Such a map
is necessarily a bijection. We will denote the image of X C P under (_)* by X*.

Theorem 2. Let (_)* : P — P be an order reversing involution and A, B C P.
It holds that:

1. (A, B) € Covp = covp(A4, B) = blockp(B*, A*),
2. isolp(A, B) = packp(B*, A¥).

Similar equations hold if we swap cov and block (assuming (A, B) € Blockp),
as well as isol and pack.

Proof. Let a € A and b € B. If a* < b* it follows that b = b** < a** = a. Hence,
(_)* is order deflecting (and reversing by definition) between A and B. That
means we can apply Theorem 1. O

Example 2. Let K = (G,M,I) be a formal context. The complement (_ )¢,
defined in Section 2, is an involution on P = 26*M  With A = ({), B = Rec(K)
and Theorem 2, it follows that the Ferrers 2-dimension can be interpreted as
a blocking problem. That is, find the minimal number of maximal rectangle
complements (these are 2-step Ferrers relations), such that every coatom {(g, m)}¢
contains at least one. Since the intersection of all coatoms is equal to I¢, the
intersection of this minimal number of rectangle complements must be too.

Fig. 3. The complementation in 26%M

{(g,m)}*

e ®© 0 0 O
1

e o6 0 0 O Ri

{(g,m)}

The second example of a poset map that we want to investigate is based on
the powerset representations of P. These are an order preserving and an order
revering map into 2°.

rep| : P — 28 p s (p] and repl : P — 28 ps [p).
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For X C P these maps restrict to 2%, via
reply (P — 2% ps (p]NX and reply : P — 2% ps [p) N X.

Theorem 3. Let (A, B) € Blockp. It holds that:

1. (A, B) € Covp = covp(A, B) = covyr (rep| 4 [A], rep| 4[B]),
2. isolp(A, B) = isolyr (rep| 4 [A], rep| 4 [B]).

Similar equations hold if we replace cov with block (and Cov with Block), as
well as isol with pack.

Proof. The requirement (A, B) € Blockp is there to assure that for all b € B
there is at least one a € A such that a < b. Otherwise there could exist b € B,
such that rep| 4(b) = (b] N A = 0. If we exclude this case, we can show that the
map rep|, preserves and reflects order between A and B. Hence, Theorem 1
applies. For a € A and b € B, we have that:

repla(a) =(alNA={z |z € Anz <a},
repl () = (B)NA={z |z e ANz <b}.

If a < b, then (a] € (b] and consequently (a] N A C (b] N A. If conversely
(a] MA C (b]N A, then a must be an element of (b] which implies that a <b. O
Example 3. We consider K = (G, M,I) and put P = 26*M A = ({) and
B = Rec(K). Since every mazimal rectangle contains at least one {(g,m)} € A
it holds that (A, B) € Blockp.

The effect of applying rep| 4 to A and B is that we “add one more layer of
curly brackets”. A mazimal rectangle R = {(g1,m1), ..., (gr, mg)} will be mapped
0 {{(g1, M)} {(ghs i)} } and every {(g, m)} € A to {{(g,m)}}. Obviously,
the four optimization problems will not be affected by this transformation.

Theorem 4. Let (A, B) € Covp. It holds that:

1. covp(A, B) = blockyr (rep| 5[ B, repl 5[4]),
2. isolp(A, B) = packyr (rep| [ B], rep| 5[ A]).

Similar equations hold if we swap cov and block (assuming (A, B) € Blockp ),
as well as isol and pack.

Proof. Similar to the proof of Theorem 3. One has to show that rep[p reverses
and deflects order, and can apply Theorem 1. O

Example 4. Let K = (G, M,I) be a formal context. Like in Example 3, we
put P = 26XM 4 = ({) and B = Rec(K). Obviously, (A,B) € Covp. For
every pair (g,m) € I, we define the set of all rectangles containing (g, m) as
Rec(g,m) := {R | R € Rec(K), (g,m) € R}. The image of A and B under rep|p

is then given as:

replp[A] = {Rec(g,m) | (9,m) € I},
rep[p[B] = {{R} | R € Rec(K)}.
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Instead of looking on the optimization problems w.r.t. these two sets, we
are going to reinterpret them. Every C' x D € Rec(K), can be replaced with a
formal concept (C, D). This gives us almost B(K), but possibly without (0, M)
and (G, 0). Since it holds that

(9,m) € C'x D <= (C,D) € [y(g), u(m)],
the set of all maximal rectangles containing (g, m) can be interpreted as the inter-
val [¥(g), pw(m)] in the concept lattice. This point of view lifts the four optimization
problems on formal contexts to the concept lattice B(K) or more precisely to
23®) | Especially, by means of Theorem 4, this provides a meaningfully interpre-
tation to the rectangle isolation- and rectangle blocking number.

i(K): Find the largest number of disjoint intervals [y(g), p(m)] (packing problem).

rb(K): Find the smallest number of intervals [y(g), u(m)] that cover all formal
concepts (C, D) with C,D # 0 (cover problem).

Since 1i(K) < rc(K), another interesting consequence is the fact that the
mazimal number of disjoint intervals [y(g), u(m)] from B(K) provides a lower
bound for the order 2-dimension of B(K°).

Next, we combine Theorem 3 and 4.

Theorem 5. Let (A, B) € Covp NBlockp.

Fig. 4. A commutative diagram depicting various poset maps.

repl 4 repl g

24 P 25
()" * ()"
A* P QB*
reply.  replp.

. The diagram from Figure 4 commutes.

. Defining ¢ := 20" o rep| g, we get covp(A, B) = blocky s+ (¢[A], ¢[B]).
. Defining ¢ := 2()" o rep| 4, we get covp(A, B) = covyar (¢[B], ¥[A]).

. Similar equations hold if we swap cov and block.

. Similar equations hold for isol and pack.

Gr ™ W~
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Proof. 1. We prove commutativity of the right diagram. Commutativity of the
left one can be shown analogously. For p € P, there are two possible images:

p—[p)NB{z|zep)NB} ={z" |p<zAzeB}=25,
p—=p = (P INB ={z|z<p"AzxeB'} =25

If p < z, then z* < p* and if x € B then z* € B*. Hence, it holds that
S1 € Ssy. For y € Sy, we have to find g € P with p < § and § € B, such that
§* =y. Since (_)* is an involution § := y* has this property. Consequently, we
conclude that Sy C Sy.

2. Since, 2(-)" preserves and reflects order between rep| z[B] and rep| g[A], and
rep| g is order reversing and order deflecting between A and B, their composite
 is order reversing and order deflecting between A and B too. Hence, Theorem
1 can be applied.

3. Similar to 2. O

Example 5. Again, we consider K = (G, M,I) and put P = 26*M A = ({)
and B = Rec(K). Looking at the diagram from Figure 4, we see that Example 2
took us to the lower center, Example 3 to the upper left corner and Example 4
to the upper right corner. Hence, only the lower corners are left to explore. The
diagram from Figure 3 can help to construct the necessary images from A and B
under the respective maps. We will only sketch it and begin with the lower right
corner from the diagram in Figure J:

{(g;m)} = {(g,m)}* = {R| R C {(9,m)}"},

R R® > {R°).

Hence, for example the rectangle cover problem translates to the blocking prob-
lem of finding the minimal number of 2-step Ferrers relations, such that every
collection of 2-step Ferrers relations representing an atom {(g,m)} contains at
least one of them.

The lower left corner from the diagram in Figure 4 translates to:

{(g;m)} = {(g,m)}* = {{(g,m)}"},

R RO= {{(g:m)} | B C {(9,m)}"}.

Hence the rectangle cover problem translates to the cover problem of finding
the minimal number of collections of coatoms representing one rectangle, such
that every coatom is covered.

It seems that these two points of view don’t provide new insights to the
four optimization problems on formal contexts.
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3.3 Behaviour under Products

The direct product of two posets P and Q is defined on the Cartesian product
P x @, together with the product order

(a,0) < (¢,d) <= (a<c)A(b<d).

Theorem 6. For posets P and Q, let (A, B) € Covp and (C, D) € Covg. Then
(A x C,B x D) € Covpxg. It holds that:

1< COV]pX@(A X C,B X D) <u,

u = covp(A4, B) covg(C, D),
I = max(isolp(A, B) covg(C, D), covp(A, B)isolg(C, D)).

Similar equations hold if we replace Cov by Block, cov by block and isol by
pack.
Proof. Since (A, B) € Covp and (C, D) € Covg, it follows from the definition of
the direct product that ¥((a,c) € A x C')3>1((b,d) € B x D) : (a,c) < (b,d).
Hence (A x C, B x D) € Covpxgq. For the upper bound, let By be a minimal cover
of A, and Dy a minimal cover of C. It follows that, (A x C, By X Dy) € Covpxg.

To prove the lower bound, let 7 be a minimal cover of A x C' and Ay a
maximal isolated set w.r.t. B. For every a € Ay, we define 7, := {(b,d) | (b,d) €
T and a < b}. From the definition of an isolated set, it follows that for different
a,a € Ap the sets T, and T are disjoint. Furthermore, since mo[7,] covers C' for
all a € Ay, it holds that #7, > covg(C, D). This leads to:

#T > #(|H 7o) = #A40 covg(C, D) = isols(4, B) covg(C, D).

ac€Ap
The second part of the lower bound can be shown similarly. O
Example 6. For two formal contexts Ky and Ky it was shown in [6] that:
max(1i(K;) re(Ksa), re(Ky) 1i(Ksg)) < re(K; x Kg) < re(Ky) re(Ky).
Now, this result is a consequence of Theorem 6.

Corollary 1. Let (A, B) € Covp and (C, D) € Covg. Ifcovp(A, B) = isolp(A, B)
or covg(C, D) = isolg(C, D), then the cover number is multiplicative with respect
to the direct product:

covpxg(A x C, B x D) = covp(A4, B) covg(C, D),

Example 7. Let Ky and Ky be formal contexts. It was shown in [6] that whenever
re(Kp) = 1i(Ky) or re(Kg) = 1i(Ky) then re(Ky X Ko) = re(Ky) re(Ks). Now, this
follows from Corollary 1.
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4 Conclusion

In this paper, we analysed the cover-, isolation, packing- and blocking problem
on posets. Especially, we focused on mutual relationships between these problems
and showed that they can be transformed into each other via special poset maps.
Finally, we presented a result about the cover number of the direct product
of posets. This led to a sufficient criterion for the multiplicativity of the cover
number w.r.t. the direct product.

With regard to Formal Concept Analysis, this abstract framework generalized
previously obtained results about the rectangle cover number of the cardinal prod-
uct of formal contexts. Furthermore, it was shown that the Ferrers 2-dimension
can be seen as a blocking problem and we showed a method to interpret the four
optimization problems on formal contexts w.r.t. the concept lattice.

Further research should be done on how to interpret the rectangle packing,
isolation and blocking problem on formal contexts. Additionally, through this
abstract framework, it might be possible to transfer methods, ideas or results,
from other areas of mathematics where these four optimization problems have
been treated, to Formal Concept Analysis.
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