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Abstract. Standard Galois Lattices are effective tools for data analysis and
knowledge discovery. Severa algorithms were proposed to generate concepts
of lattices, among which the ScalingNextClosure algorithm. In order to share
the production workload between several processors when the number of closed
itemsets to determine is very large, this algorithm leans on the sequential
character of the closed itemsets determination of a Galois Lattice by the Ganter
agorithm. In this paper, we prove that the parallelised version of the
ScalingNextClosure can be extended to more general contexts (even some
complex data) than usual binary contexts and that the partition of the workload
between processors can be made with all the wished precision.

1 Introduction

Standard Galois Lattices are very useful tools in data mining. They allow us to
structure data sets, by extracting concepts and rules to deduce concepts from other
concepts. Concept lattice studies how objects can be hierarchically grouped together
according to their common attributes. Since each set of objects possesses some
attributes, we can classify objects and attributes according to the relation between
objects set and attributes set. Formal concept or closed itemset represents stronger
association between itemsets and the set of their common objects.

Severa algorithms are well known and used to determine the Galois lattice GL(C)
associated to a given context C, when the size of C is not too large. Nevertheless, we
need nowadays to treat contexts which are large and not necessarily binary.

Severa algorithms were proposed to generate concepts of lattices, among which the
ScalingNextClosure algorithm proposed in [11]. In order to share the workload
between severa processors when the number of closed itemsets to determine is too
large, this algorithm leans on the sequential character of the closed itemsets
determination of a Galois Lattice by the Ganter algorithm. One of the essential points
of this distributed version is the work distribution between various processors. (The
qualifier "large” concerns here not only the size of the context but also the number of
closed itemsets of the lattice since asmall table can generate a big lattice).

Radim Bélohldvek, Vaclav Snédsel (Eds.): CLA 2005, pp. 207221, ISBN 80-248-0863-3.



208 Gérard Lévy, Fatma Baklouti

In this paper, we show that the parallelized version of the ScalingNextClosure can be
extended to more general contexts, than usual binary contexts and that the partition of
the work between processors can be made with all the required precision.

The rest of the paper is organized as follows. In section 2, we define all the concepts
necessary to present clearly the general contexts to which we shall apply our
agorithms, and to develop the tools of partition. In section 3, we define the
lexicographical order. We introduce the first version of the Ganter agorithm in
section 4 and its segmented version in section 5. Section 6 is devoted to the choice of
partitions. In section 7, we define some mathematical tools in order to help the
construction of good partitions proposed in section 8. Section 9 concludes this paper
by listing future research directions.

2 Notations, Definitions

Let mand n be two finite positive integers. The set | = {1...m} = [1...m] designates a

set of mindividuals or objectsi, andtheset J= {1... n} = [1... n] designates aset of n

properties or variables.

Every varigble j takes its valuesin aset B; = {0...b; - 1} = [0...b; - 1], where by is a

finiteinteger > 1.

In that case, the sequence (b;...b,) will be called a multibased or a generalized base,

or a heterogeneous base.

We suppose that every B; is provided with the total order < of the natural integers.

We note B the Carteian product B; x B, X... x B, which is the set of the elements
= (X1... Xn) such asx; € B, for every j of J.

We provide B with the relation of order < of the Cartesian product, namely: X, <Y,

iff % <y; for every j of J. Provided with this relation < BI", < > is a lattice for the

operations “sup” (supremum) noted v and “inf” (infimum) noted A. These operations

are defined by:

Z,= X,V Y, iff forevery jof J z = xv y; = sup (%, Vi);

Z,= Xa A Y, iff forevery j of J z = x Ay, = inf (x, ;).

Furthermore, the extreme elements of thislattice are Or and 1¢. Or and 1 are defined

by O = (0... 0... 0), and 1= (bs- 1... by- 1... by- 1).

Every X, of B[ verifies the constraint OF <X,< 1f.

(In the rest of this paper, in order to avoid using b; - 1, we shall put 1¢ = (C;... G... Cy),

with ¢; = by-1, for every j of J)

LetE= o= P(1) be the set of subsets of 1.

Let d: 1 B! be a mapping which associates to every individual i of | its description

d (i) = (dy (i)... di (i)... dn (i), where d; (i) is the value of the variable j for the

individual i.

Let f: E— B be the mapping which associates to every subset X of | the element f

(X) of B defined by f (X) = 1; X= &, and f(X) = Ajex d (i) = d (i) A d (i) A ...A

d (i) if X={iy, i... 1} < I. (f (X) iscalled theintent of X).

We define the mapping g: B! — E by g (Z,) = {ie I: Z, < d (i)}, for every Z, de

B, (g (Z,) is called the extent of Z,).
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We note that f and g are decreasing mappings and their composites h=g-fandk = f
- g are closure operators.

In the literature of « data mining », the triplet C= < I, F, d > is called a context. It is
often materialized by a table, which has m lines and n columns, every element in
position (i, j) being equal to d (i).

The pair (f, g) is called the Galois connection associated to the context C.

The elements X of E such as h (X) = X are called the closed elements of E, and Z, of
B such ask (Z,) = Z, are called the closed elements of B™.
Letusnotelnv(E)={Xe E: h(X)=X} andInv(F)={Z,e F: k(Z) = Z.}.

We can prove that these sets arein bijection [4].

The set of pairs (X, Z,) of E x B! such as (X e Inv (E) and Z, = f (X)) is equal to the
set of al the pairs (X, Z,) such as (Z, e Inv (F) and X = g (Z,)). (Each of these pairsis
called a concept). This set is called the Galois Lattice associated to the context C, and
noted TG (C).

TG (C) ={(X Z): XeInv(E)and Z, = f (X)} = {(X, Z): Z, e Inv(F) and X = ¢
(Z)}-

We can prove that this set is a lattice for the relation of order < defined by (X, Z,)) <
X', Zy) iff X X’ and Z,< Z,.

Many problems of data mining are related to the determination of the Galois Lattice
associated to a context C. Depending on the nature of the data mining problem, this
determination may consist in determining simply al the concepts (X, Z,), or to
determine this set and its order relation.

3 Lexicographical Order on B

Up to here, BI" is provided with the order associated with B, X B; X... X By,

If al the b;’s are equal to 2 (binary case), the Ganter agorithm alows to build all the
closed itemsets of the Galois lattice following the lexicographical order of its
elements.

In order to generalize the Ganter algorithm, we define, in this section, this order on
B when the b;’s are greater than 1.

3.1 Thelexicographical order definition

Being given two elements X, and Y, of B™, our objective isto determine their greatest
common prefix. Two cases are possible: either X, = Y,, or they are different. If j = inf
{kix =y } of and if x; < y; then X, precedes Y, in |lexicographical order (L.O), and
otherwise Y,, precedes X,,. We note X, Y, the fact that X, precedes Y, in L.O.

In pseudo-Pascal, the following function takes the value True iff X, £Y,.

Function inflex (X,, Yn: elements of BI™): boolean;
Var j: integer;
Begin
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j =1L while(( <=n)and (x[j] =y[j])) do j =j+I;
Inflex= (j > n) or (x [j] < ¥{iD);
End;

3.2 Thenext in lexicographical order of X,

While 1 = (Cy... G... C;), we define the transition subscript of every X, of B as
follows:

j=n;While((j>0)and (x[j]=c[j]))doj = j-1; Subscript of transition= j;

In other words, if X, = (Xg, X2... Xi.1, Xi, Ci+1, Gi+2...Cn), @nd X, < ¢;, then its transition
subscript isi.

This subscript is designated by i*(X,). Therefore, i* (X,) = O, iff X, = 1.

Moreover, if X, # 1g, and if its transition subscript is i, we define its following Y, in
lexicographical order by Y,=(XiXo... X.1, 1 + X, 0, 0... 0)., and we note it X,". (It is
easy to verify that Y, follows of X, in L.0).On the other hand, if X, = 1, the
following of X, in L.O isnot defined.

We can aso define, the next of X, in L.O, from the subscript i (of J), asfollows:

Procedure next (X: element of B ™: i: element of J; the Var Y: element of B

Vari*: integer)

Var j, k: integer;
begin
j=i
While ((j > 0) and (x[j] = c[j])) doj =]-1;
i"=j;
If (i* > 0) then
begin
Forj=1toi*-1doyl[j] =x[j];
y[i']=1+x[i"];
Forj=1+i"tondoy[j] =0;
end;

end;

Remark: when i is the transition subscript of X, this procedure output is Y = X', the
next of Xin L.O, which may be generally provided by starting with i = n.

For every X = X, = (Xt, Xo... X1, %, Gi+1, Civ2... Cy), Other than 1¢, we define the
element X* of B [ by: X* = (Xq, Xo... X1, Gi, Gis1, Giszy ...Cn), if i7(X) = i. Thus, we
remark that X < X" < X',

for every X of B, other than 1,

In the next sub-section, we establish severa relations between product-order and
lexicographical order.
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3.3 Product-order and lexicographical order on B "

Proposition 1: ¥ X and Y of B!, if X <Ythen X £ Y

Proof: For every j of Jx <vy;. If Y< X, 3] of Jsuchasy; <x. Thisisin contradiction
with the fact that X <.

Proposition 2: whatever are X and Y of B [ if X is different of 1, then: X'<Y<X
iff X" 2Y2 X.

Proof:_It is obvious that vV X, X" < X and X* £ X". The implication from left to right
results from 2.3.1.

Let us prove the second implication. We note i = i*(X) the transition subscript of X.
Since X" £,

- Either X'[j] = Y [j] for every j of J.i.e. X" =Y. Therefore, we conclude in this case
that X' <Yand Y< X;

- Ortherelsasubscrlpt kof Jsuchas X'[K] < Y[K]. If k<i=i"X], we have every | <
k, X'[j] = YIj], and X'[K] < Y[K]. But for every j < i, we have X' [j] = X [j] = X[j]. It
follows that X' £ Y, in contradiction with the hypotheses. In that way, i =i [X] < k.
Consequently, for every j <i:

X1 = X[i] = X[j] = Y [j]. Furthermore, for every j > i, we have X'[j] =0< Y[j] < ¢
= Xj].

If X* £ Y2 X,wehavethusforj =i, X'[i] = 1+ X[i] < Y[i] <c = Xj].

This proves that for every j of J, X[j] < Y [j] < X[j], and thusthat X' <Y< X.

3.4 Next closed itemset accor ding to lexicographical order

For agiven context C =<1, F, d >, with F = B, and an element a of F, we search
the first element y of F whichisaclosed itemset of the lattice TG (C) and suchasa £

y.
The following result generalizes the Ganter’s one.

Proposition 1: Let a* be the following of ain L.O. Wepose X=g (@) cl,andy=k
@)=f(X) eF.

Ifa" <y<a,thenyisthefirst closed itemset, of TG (C), following ain L.O;
Otherwise, there is no closed item z of TG (C) between a* and a, and the following
closed itemset of ain L.O isto be searched from the next of &'

Proof:

Sincek isextensive, a” <k (a") =y.

- We suppose that we have furthermorey<a’. Thena'<y<a..

According to 2.3.2, a" <y < a.y is a closed item which follows a in L.O. Let us
prove that it is the first one. If there was one closed item z of TG (C), suchasa” £ z
~ a,thena*<z<a.Sincekisincreasing, we havey = k(a") < k(2) = z. Thereforey
<z andaccordingto 2.3.1,y £ z

Consequently, yisthefirst closed item of TG (C) followingain L.O.

- On the other hand, if & <, let us prove that there is no closed item z of TG (C)
suchasa' £ z/£ a.
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If asuch zexisted, thena" < z< a'. Since k isincreasing, we havey = k (a") <k (2) =
z Findly, since z < a, we have y < a. This result is in contradiction with the
hypothesis.

4 Ganter algorithm

The properties established previously lead to the first version of the Ganter algorithm
for contexts C = <I, F, d > such as F = B " provided with the product-order.

Procedure GANTER1 (C: context)
Vara, a’, a,y: elementsof F; X element of E; nf: integer; { nf = number of closed
itemsets of the lattice}
Begin
nf = 0; a=0¢;
X=g(@); y=f(X);
If (y = a) then begin nf=1+nf; show (X, y); end;
While (a< 1f) do
Begin
a=a’
X =g (8) =1 (X);
If (y<a)then
begin
nf = 1 + nf; show (X, y); a=y; end;
dsea=a;
End;
End;

We can reduce the number of operations of this algorithm by taking into account the
properties established above: If i denotes the transition subscript of a, it obvious that
that

e By assigning ato O, we havei =n;

e Thecondition (a< 1f) isequivaent to (i >0);

e Theexpression “a=a"” may be replaced by the expression “next (a, i, a’,

i");i=i" which providesa” aswell asits transition subscript;

e Theexpression “If (y<a.) “may be replaced by the expression «(If y; = g for

j=1...i-1)".

e Theexpression “a=a* “may be replaced by the expression “i = i-1".
That leads to a faster version of the Ganter (?) algorithm.

Procedure GANTER?2 (C: context)

Var a, a', a: elements of F; X element of E; i, i*, nf: integer; {nf = number of
closed itemsets of the lattice}

Begin
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nf = 0; a=Ok; i=n; X=g (a);y = f (X);
If (y=a) then
begin nf=1+nf; show (X, y); end;
While (i > 0) then
begin
next (a,i,a’, i");a=a"i=i"; X=g(); y=1(X);
If (for every j <i wehavey; = &) then
begin nf =1+nf; show (X, y); a=Yy; i =n; end;
esei=i-1;
end;
End,;
Example:
F= Fl X F2 X F3

= F;: Size: short (1), medium (2), high (3)

F, will be presented by 1 < 2 < 3 (ordered set by the relationship <)
= F,: Weight: thin (0), fat (1)

F,will be presented by 0 < 1 (ordered set by the relationship <)
= F3: Age child (1), adolescent (2), adult (3)

Fawill be presented by 1 < 2 < 3 (ordered set by the relationship <)

Size Weight Age
Marc 2 0 1
Cédric 2 0 3
Céline 1 1 2
Carine 3 1 2

Total number of closed pairs (X, z) of T=GL(C) =8.
C;: X ={ Marc, Céline, Carine}, z=(2,0,1)

C,: X ={ Marc, Cédric, Cdline, Carine}, z=(1,0,1)
Cs: X ={Cédric, Carine}, z=(1,1,2)

C,: X ={Cédric, Céline, Carine}, z=(1,0,2)

Cs: X ={Cdine},z=(2,0,3

Cs: X ={Céline, Carine}, z=(2,0,2)

C;: X ={Carine},z=(3,1,2

Cs: X={},z=(3,13)

5 Thesegmented procedure of Ganter

In this section, we use the sequential character of the construction of TG (C) by the
Ganter algorithm to split this construction process into many parts.
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5.1 Construction of an interval of TG(C)

Let u and v be two elements of B [ such as O £ u £ v £ 1. We recall that the
Ganter agorithm produces the closed itemset (X, y) of TG (C) in the lexicographical
order of the elements y of B [\, Therefore, if we note TG (C, u, v) the set of closed
itemset (X, y) of TG (C) suchasu £y £v, and if we cal it the interva [u, V[of
TG(C), then it ispossible to obtain thisinterval by applying the following procedure:

Procedure GANTER_TRUNCATED (C: context; u, v: elements of B ™; Var
TG: set of pairs of (X, y) of E x F)

Var nf: integer; a, a", @, y: elements of F; X: element of E;
Begin
TG=; nf: 0; a=u;
X=g @, y="f(X),
If (y = a) then begin nf= 1 + nf; show (X, y); TG=TG U{(X, y)}; end;
While(a £ v) do
begin
a=a’; X=g(),y=f(X)
If (y<a andy £ V)
then begin nf =1+nf; show (X, y); a=y, TG = TG U{(X, y)};
end
elsea=a’;
end,;
End;

We think that it is possible to provide a more efficient version of this procedure by
taking into account the same remarks as for Ganter2.

5.2 Distributed construction of TG(C)

Let (u[0], u[1] ... u[p-1], u[p]) be a sequence of elements of B ", strictly increasing
according to the lexicographical order, and such as Or = u[0] £ uU[l] £...Z u[p-1]
Zup] = 1.

In the rest of the paper, such a sequence is called a partition of B ",

TG (C) may be built asthe union of the TG (C, u [k-1], u [K]), for k=1, 2... p.

In that way, we obtain all the closed itemset (X, y) of TG (C) suchasY e [Og, u[1][ v
[u[1], u[2][ w... U [u[p-1],1¢ [.

Let us remark that this construction excludes the pair (X, y) such asy = 1.

1- is a closed item, since for every y of F we have y < k (y). Thus 1 < k (1f).
Nevertheless k (1f) is an element of F and thus k (1) < 1¢. That confirms that y = 1¢
isaclosed item.
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Furthermore g (1) = {iel: 1=d (i)} ={i € I: 1r =d (i)}. Consequently TG (C) = TG
(C, u[0], u[1]) w...u TG(C, ulp-1], u[p]) © {(9 (1), 1r)}.

Besides, we abtain a procedure to build TG (C), al the pairs of closed itemsets of the
Galois lattice associated to the context C.

Procedure GANTER_PARTITION (C: context; u: partition of B ": Var TG:
ensemble of pairs (X, z) of Ex F)

Var k: integer;

Begin

TG=
For k=1topdo TG=TG U TG(C, u [k-1], u[K]);
TG=TGuU{(9 (1n), 1p)};

End;

The value of TG provided by this algorithmis TG (C).

6 Thechoice of a partition

We often use the segmentation of B [l because this set is with strong cardinality.
Moreover, since the algorithm of Ganter consists essentially in making a path in L.O
of this set, we can intend to split this path in many separate intervals to be computed
by different processors. Therefore the problem to be solved is equivalent to use
partitions (u[Q]... u[p]) which are as adequate as possible. A partition is called
adequate if it allows sharing the workload by taking into account the capacity of the
various available processors.
Let us note b = | B [ | the cardinality of B[ = b,. b,...h,. If there are p processors
of the same capacity, we can, for example, intend to alocate to each processor, the
exploration of an interval [u[k-1], u[K][of B I (with length = b™ / p). Consequently,
the total workload between processors will be equally distributed.
It is also possible to design partitions which attribute to the processors the exploration
of intervals with amplitudes proportional to their respective powers. From this point
of view, the choice of partition, proposed in [11], is unbalanced.
Let usrecall this choice proposed in the binary case:

e Wehaveb =2, foreveryjof J={1... n};

e For every k of J, &, the vector of BI" = B; x B, x ... x B, = {0, 1}", where
all the constituents are null, except the k-th which isegual to 1.
Let us denote u [K] = Shnwess fOr k=1,..., n, u[0] = O = (0,..., 0), u[n+1] = 1 =
(1,...,1),and p= n+l.
Then, the sequence (u[0], u[l’, u2]...u[p-1], u[p]) islexicographicaly increasing, and
it can be used to partition BI". It is easy to note that:

- The number of elements of B™ following &, inL.O,is2"- 2™ fork=1,..., n;
- The number of elements of B ™ following u[K] = &nie1in L.O, isthus 2" - 2<%
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So that the number of elements of B [ contained in L.O in the interval [u[k-1], u[K][
is:

An=(2"- 2% - (2"- 2"y =22 fork=2, ..., n+1.

Then 4, = 2. A, 1. That indicates that the amplitudes of the intervals of the
partition are in a geometrical progress of reason 2. Every interval being twice as large
as the precedent, the distribution of the tasks is extremely unbalanced. If the first
processor has to do a certain work, the second will have to do twice as much, the third
four times more, etc. We also note that the last processor has to do the half of the total
work, the last but one processor the quarter of the work.

In that way, any other partition which uses only a part of the &, would be also
unbalanced. In the next section, we present some mathematical tools that will help us
to build better-balanced partitions.

7 Mathematical tools

7.1 Rank of an element of B [" in lexicogr aphical order

In this section, we assume that all the b can be different. This corresponds to the
general case. Our goal is to define a ranking function which permits associating to
each element X, of B its rank in BI" in lexicographical order. Then we shall prove
that this function defines an isomorphism of ordered sets.
B " and X,, may be defined recursively as following:

e BM=B,ifn=1adBM =B xB,ifn>1.

e Any element X, of B by X, = (x,), if n=1, and X, = (Xo1, %) € B x B, if

n>1.

Er]1 the same way, we define recursively the mapping p,: B " — N: for every X, of B

If n=1, then, p, (X,) =X, and if n> 1, then p, (X)) =X, + by o1 (Kn- 1).
Let us prove the following property:
Property 7.1: p, isabijection between B and the set [0, b ™ - 1].
Proof: we proceed by induction onn > 0.
The property istrue for n = 1. Let us suppose that we have established it until n-1. Let
us show that it istrue for n.
- Let us begin by showing that for every X, of B, we have 0.< p, (X,) <b " - 1.
Indeed, by hypothesis of induction (I.H, in summary), we have 0.< pn.1 (Xn.)) <b ™Y -
1. On the other hand since 0 < x,< b, - 1, wehave0+b,.0=0< p, (X)) <b,-1+b,.
(o™ -1)=b,. b _1=pM-1
- Let us prove that p, isinjective. If two elements of B ™ are X, and Y, such as p, (X,)
.= Pn (Yn)
We thus have o, (Xi) = %a + bn. o010 (Xn1) = o0 () = Yo+ bi. ot (Yaa).
If ora (Xn2) < o (Yna), we have:

Xn = Yn = bn. (on1 (Yn1)) = on1 (X)) = bp- 1 = b,
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Thisisimpossible, because x, - Yo < X, < b, -1.

In the same way, we cannot have p,.1 (Xin.1) > pn1 (Ynr). It follows that p.1 (Xn-1)=0n1
(Yi1),. Thus X, = yn. Now, by I.H, o1 isinjective. Consequently, X1 = Yn.1, and X,=
(xn-ll Xn) = (Yn-ly yn) = Yn'

- Let us prove that p, is surjective. It is necessary to show that for every integer a,
suchas0<a<h™ - 1, thereis an element X, of B! such as p, (X,) = a. According to
the Euclidian division of r by b, there is a unique pair of naturel integers (g, r) such
asa=h, q+r,withr <b,. Furthermore0<q<(b!™-1)/b, 0<q<b!™ -1 Letus
define x, =r. By |.H, p1 is surjective. Thus, there is an element X,,.; of B ™" such as
Pt (Xn1) = q,. Furthermore, we have 0 < X, < b, - 1. S0 X, = (X,.1, %) is an element of
B, and we have p, (X,) =X, + by . prs Xet) =7 + by q=a. Q.E.D.

The following procedures written in pseudo Pascal allow computing the function
rank: B! — N aswell asitsinverse Expansion: N—-B "l Knowing n, b... by, and X,
de B I, the first one computes p, (X.). For every integer asuchasO<a<b -1,
the second procedure, determines the element X, of B such as o, (X,) = a.

Function RANK (n, b,... by integer; X,: element of B™): long integer;
Var i: integer; a: long integer;
Begin

a=0;
Fori=1ton,doa=x[i] +a* b[i];
Rank=a;

End;

Procedure EXPANSION (n, b;... by integer; a: long integer; var X: element of

B,
Var s: long integer; i: integer;
Begin
s=a;
For i=ndownto1do
begin
XTi]=smod b [i];
s=sdiv b[i];
end;
End,;

Remark: The inverse function of rank is called expansion, because it provides the
expression of the integer a in the multiple or heterogeneous base (by, b,...b,). This
writing is X, = (Xg, Xa... Xn)-

Reciprocally, every X, of B can be viewed as the writing in base (b;... b,) of the
integer a which is equal to p, (Xy).

Remark 2: the function rank was defined in a recursive way. We can need an explicit
formulation which can be obtained by using the following formula:
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Pn (Xn) =Xnt+ bn Xpr bn. bn—l- Xno+ ...+ bn. bn—l b2. X1.

7.2 1somor phism of ordered sets

Proposition : p,, is an isomorphism between B " provided with lexicographical order
£, and [0, b!™ - 1] provided with the order < of the naturel integers.

Proof: By induction on n. The property is obvious for n = 1. Let us suppose we have
proved it until n-1. Let us prove that it is true for n. We have X, = (X1, %), and Y, =
(Yn1, Yn)- If we suppose that X, £ Y,.. then we have pn(X) < pn(Yn). Indeed we have
Xn A_Yn if (Xn»l £ Yn—l)a or (Xn»l = Yn-l and Xn < yn)

- in the second case, we have p, (Xq) = Xn + b on1 (Xn1) < Y + oot (Xna) = o0 (V).

- In the first case, by I.H, we have. pn1 (Xi1) < pn1 (Yaa) , and therefore p, (Yy) - on
(Xn) = bn. (o1 (Yn1) = ona (Kn1)) + Yo = X = bn. 1+ Y - X, Since 0 < Xy, Yo < by - 1,
we can conclude that, p, (Y,) - pn (X)) > 0. S0 X, £ Y, pn (X0) < on(Ys). Reciprocally,
let X, and Y, of B! such as pn (%) < pn (Yy). Let us show that X, £ Y.

- 1f Yn1Z Xig, then, by L.H, pn1 (V) < g1 (Xn1). In that way, we have p, (X)) - on
(Yn) = bn. (Pn1 (Kn) - ora(Ynd) + %0 - Yo = b1 + X, - v, > 0. Thisisin contradiction
with the hypothesis.

- If X1 = Yoq and y, < X, We still have then for every integer asuch as0<a < bl -
1 for every integer asuchasO0<a<b™ - 1 p, (X,) - pn (Ys) > 0, in contradiction with
the hypothesis CQFD.

7.3 Addition of two numberswritten in a multiple base

Let (by, by... b,) be the multiple base and x, y two natural integerssuchas0<x,y<b
[ _ 1. The respective expressions of these two numbers in base (b, b,... by) are X,
and Y,. What is the expression of z=x + y in this base?

In a different way: if we know the writings X, and Y, of two numbers x, y in base
(by...by), without knowing x and v, is-it possible de compute the expression Z, of z,
without having to compute z=x+y ?

The solution consists in making the addition of X, and Y,, in the base. The following
procedure implements this operation. It uses an auxiliary sequence of nature integers
ro, r1... rny Which play the role of the "carries’.

Procedure ADDITION (n, by...., by integer; X, Y: elements of B™; var Z:
element of B"™: var r: integer):

Var r[0..n]: integer; i: integer; u:entier;

Begin

r(n]=0;
For i =ndownto1do
begin
u=x[i] +yi] +r[i]; If (u<b[i]) Then
begin z[i]=u; r [i-1]= 0; end
esebegin z[i]=u- bJi]; r [i-1]=1; end;
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end;
r=r|Q];

End;

In this procedure, r plays the role of the final carry. The addition of X, and Y,, in base
(by... by) will be noted X, @ Y,.
Let us show that the procedure ADDITION provides the expected result.

e Fori=n, nl,..1 weadd x and y; and the carry r;. Since for every i we

have0<x,y;<bi-1,andr; <2 weobtainthat O<u=x+ vy, + r; <2b - 1.

IfO<u<b; -1, weput
z=uandri;=0;andelsez =u-b;, andr.; =1. Therefore, for everyi of
1...nwehave
0<z<b-1,and0<r; <1 Thefina carry r =ro, isalso equal to O or 1.
Sinceforeveryiof {1...n} 0<z<b-1,Z=(z... z,) belongsto B,
Xn @ Y,. isequal to the output Z, of the procedure of addition

Now we establish the following proposition:
Proposition 7.3: Whatever are the elements X, and Y, of B[, we have p, (X, ® Y,.) =
2 (%) + o (Ye). - To. B, withrg=0or 1.
Proof: At every step i of the procedure ADDITION, we have noted that:
If u<b;, then

Zz=uandri;=0;

esez =ub,and ri1=1;

end;
Thereforefor every i, wecanwritethat z =u-b;.ri., z =%+ Yy + r;- b. riq.

8 Construction of good partitions

The tools, which we introduced above, will help us to build any partition of B!,

Let us suppose that we have p processors to determine TG (C), knowing that F = B
Suppose that these processors are of respective capacities ¢y, C;... Cp, (G = number of
closed that the processor k can build in agiven lapse of time), and that ¢, + ¢, ... + ¢,
> b [ = b.b, b, We can build a sequence of integers ao, a;... a, in the following
way:

I:0; a=0;

while (3 <b™ - 1) dobegin| =1 +1; g = a., + ¢; end;

a=blM-1.

In that way, we obtain a strictly increasing sequence (ap, &;... &) suchasay =0, and &
=b - 1. Furthermorefork=1... 1, we have ¢, = ay - a1.

Then, for k=0, 1... |, we build the elements u, of B™, by computing EXPANSION
(n, by... by, ax, W), which provides the writing uy of ay in base (b;... by).

This sequence (Up, Us... U) constitutes a good partition of B [ since it is
lexicographically strictly increasing one, with up = Of, U, = 1, and since it distributes
the workload by taking into account the capacity of all the processors.
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However, athough mathematically correct, this method is difficult to implement.
Indeed, when n is large, (even for n = 30), the number b ™ = by,.b, ...b, is equal at
least to 2", and it can reach very large values, which are hard to compute with the
current processors. Therefore, the procedure EXPANSION (n, b... &, uy) is difficult
to execute with big values of the parameter ay.

To overcome this difficulty we can use additions in base (b;... b,) asin the following
case of equi partition:

Let us suppose that all the processors have the same capacity ¢. We determine the
smallest integer p equal or bigger than b / c.

Then we determine the expression uc of c in base (b;...b,), by executing
EXPANSION (n, b;... by, ¢, uc). Finally, we build the sequence of elements u, of B "
by the mean of the following instructions:

k=0;u[KlI=0g; r=0;

while (r = 0) do

begin

k=k+1;

ADDITION (n, by, ..., by, u[k-1], uc, u [K], r);
end;
p=K u[p]=1s;

This procedure returns ug = Og; Up = Ug @ UC = UC, U, = U; @ uc... until the carry r
becomes equal to 1.

Whiler = 0, by the property 5.3, we have p, (X, @ Y,) = o, (X1) + on (Y).. Thus the
addition of writingsin base (b, ... b,) is equivalent to the addition of the corresponding
numbers.

By this way we built the sequence (U, U;... Up) of the partition, without computing
(a0, &... &) ranks a, = p, (u). We stop when r takes the value 1. One then teke p = k,
and we set up = 1.

9 Conclusion

We have proposed a generalization of the Ganter algorithm, as well as a distributed
version of this agorithm.

On the one hand, this generaization allows us to determine the Galois lattices
associated to rather general contexts, without needing to re-code the data into binary
values. On the other hand, when one analyze the relationship between product-order
and lexicographical order on the Cartesian product BM™ = B; x B, X ... X B, with
B;={0, b -1}, for j=1... n, this generalization seems to be natural. Moreover, viewing
the elements of B! as expressions of integers in base (b... b,) alows us to obtain
good partitions of BI" and to simplify the calculations. From a practical point of view,
we can intend to apply the procedure of segmentation of B to very large contexts.

This approach seems more efficient than the context-based approaches proposed in
[1] and [14] which need to compute the Cartesian product of two Galois lattices.
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Finally, let us note that the algorithm proposed in this paper is based on a lexical

search through the space BI" of the attributes. While bei ng more general than [11], it
cannot determine the most general Galois lattice. To reach this target, we need
agorithms which search throw the set P(I) of all subsets of individuals. This could be
obtained either by searching this space in lexicographical order, or by obtaining a
partition of this space and to share the workload of solving the corresponding sub-
| attices between severa processors. Thisis a possible future research direction.
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